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Ž Ž ..If T or T* is log-hyponormal then for every fH  T , Weyl’s theorem holds
Ž . Ž Ž ..for f T , where H  T denotes the set of all analytic functions on an open
Ž .neighborhood of  T . Moreover, if T* is p-hyponormal or log-hyponormal or
Ž Ž .. Ž .M-hyponormal then for every fH  T , a-Weyl’s theorem holds for f T . Also
 Ž . 4it is shown that if we let A T B H : T* is log-hyponormal then the
approximate point spectrum, the essential approximate point spectrum, and the
Browder essential approximate point spectrum are continuous in A.  2001 Aca-
demic Press
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1. INTRODUCTION
Ž . Ž .Throughout this note let B H and K H denote respectively the
algebra of bounded linear operators and the ideal of compact operators
Ž .acting on an infinite dimensional separable Hilbert space H. If T B H
Ž . Ž . Ž . Ž .write N T and R T for the null space and range of T ;  T  dim N T ;
Ž . Ž Ž .. Ž . Ž . T  dim HclR T ;  T for the spectrum of T ;  T for thea
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Ž .approximate point spectrum of T ;  T for the set of eigenvalues of T ;0
Ž . Ž . T for the isolated points of  T which are eigenvalues of finite00
a Ž . Ž .multiplicity; and  T for the isolated points of  T which are eigen-00 a
values of finite multiplicity.
Ž .An operator T B H is called Fredholm if it has closed range with
finite dimensional null space and its range of finite co-dimension. The
Ž .index of a Fredholm operator T B H is given by
ind T   T   T .Ž . Ž . Ž .
Ž .An operator T B H is called Weyl if it is Fredholm of index zero. An
Ž .operator T B H is called Browder if it is Fredholm ‘‘of finite ascent
 and descent’’: equivalently 11, Theorem 7.9.3 if T is Fredholm and
T I is invertible for sufficiently small  0 in . The essential
Ž . Ž .spectrum  T , the Weyl spectrum  T , and the Browder spectrume
Ž . Ž .   T of T B H are defined by 10, 11b
 4 T   : T I is not Fredholm ;Ž .e
 4 T   : T I is not Weyl ;Ž .
 4 T   : T I is not Browder ,Ž .b
evidently
 T   T   T   T 	 acc  T ,Ž . Ž . Ž . Ž . Ž .e b e
where we write acc K for the accumulation points of K. We say that
Ž .Weyl’s theorem holds for T B H if there is equality
1.1  T 
  T   T ,Ž . Ž . Ž . Ž .00
Ž .and that Browder ’s theorem holds for T B H if there is equality
1.2  T   T .Ž . Ž . Ž .b
We consider the sets
 H  T B H : R T is closed and  T  	 ; 4Ž . Ž . Ž . Ž .
 H  T B H : R T is closed and  T*  	 ; 4Ž . Ž . Ž . Ž .
 H  T B H : T H and ind T  0 . 4Ž . Ž . Ž . Ž . 
Ž .  Ž .4By definition,  T   : T  H is the left essentiall e 
Ž .  Ž .4spectrum,  T   : T  H is the right essential spec-r e 
Ž .  Ž .4trum,  T   : T  H is the essential approximateea 
Ž .  Ž . Ž .point spectrum, and  T   T K : TK KT and K K H isab a
the Browder essential approximate point spectrum.
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Ž .We say that a-Weyl’s theorem holds for T B H if there is equality
1.3  T 
  T   a T ,Ž . Ž . Ž . Ž .a ea 00
Ž .and that a-Browder ’s theorem holds for T B H if there is equality
1.4  T   T .Ž . Ž . Ž .ea ab
  Ž .It is known 7, 9, 12 that if T B H then we have
a-Weyl’s theorem  Weyl’s theorem  Browder’s theorem;
a-Weyl’s theorem  a-Browder’s theorem  Browder’s theorem.
  Ž .Weyl 19 has shown that the equality 1.1 holds for hermitian opera-
tors. Weyl’s theorem has been extended from hermitian operators to
 hyponormal operators and to Toeplitz operators 6 , and to several classes
   of operators including seminormal operators 2, 3 . Rakocevic 15 hasˇ ´
Ž .shown that the equality 1.3 holds for cohyponormal operators. Recently
 S. V. Djordjevic and D. S. Djordjevic 7 showed that if T* is quasihyponor-´ ´
mal then T obeys a-Weyl’s theorem.
Ž .An operator T B H is said to be p-hyponormal if
p p
T*T  TT* ,Ž . Ž .
Ž .and an operator T B H is said to be log-hyponormal if
T is invertible and log T*T  log TT* .Ž . Ž .
Ž .An operator T B H is said to be M-hyponormal if there exists a
positive real number M such that
M T z x  T z *x for all z and for all xH .Ž . Ž .
In this paper we show that if T* is p-hyponormal or log-hyponormal or
Ž .M-hyponormal then a-Weyl’s theorem holds for f T for every f
Ž Ž .. Ž Ž ..H  T , where H  T denotes the set of all analytic functions on an
Ž .open neighborhood of  T .
2. PRELIMINARY RESULTS
Ž . Ž Ž .. Ž Ž ..Let T B H and let fH  T , where H  T denotes the set of
Ž .all analytic functions on an open neighborhood of  T . It is well known
Ž Ž .. Ž Ž ..  that the inclusion  f T  f  T holds 16 and it is known that forea ea
  the spectral mapping theorem holds 16 . A sufficient condition for theab
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spectral mapping theorem for  can be given in terms of the setea
A H  S B H : ind S  ind S 
  0Ž . Ž . Ž . Ž .
for all , 
 
  S .4Ž .l e
Ž .THEOREM 2.1. If T B H obeys a-Browder ’s theorem, then the follow-
ing statements are equialent:
Ž . Ž .1 T A H .
Ž . Ž Ž .. Ž Ž .. Ž Ž ..2  f T  f  T for eery fH  T .ea ea
Ž . Ž . Ž Ž ..3 a-Browder ’s theorem holds for f T for eery fH  T .
Ž . Ž . Ž . Ž Ž ..Proof. 1  2 . Suppose that T  A H . Since  f T e a
Ž Ž .. Ž Ž .. Ž Ž ..f  T , it is sufficient to show that f  T   f T . Letea ea ea
2.1.1 f T   c T  T   T  g T ,Ž . Ž . Ž . Ž . Ž . Ž .1 2 n
Ž . Ž Ž ..where c,  ,  , . . . ,   and g T is invertible. If   f T , then1 2 n ea
Ž . Ž . Ž Ž . .f T   H and ind f T    0. Since the operators on the
Ž . Ž .right side of 2.1.1 commute, T   H for all i 1, 2, . . . , n. Ifi 
Ž . Ž . Ž .ind T   0 for all  T , then ind T   0 for all i i
Ž .  Ž .4 Ž Ž ..1, 2, . . . , n, where  T   : T  H . So  f  T .  ea
Ž . Ž . Ž .If ind T   0 for all  T , then ind T   0 for all i i
Ž Ž . . Ž .Ž . Ž .1, 2, . . . , n. So ind f T    ind T   T    T   1 2 n
n Ž . Ž Ž . . Ž .Ý ind T   0. Therefore ind f T    0. But ind T   0i1 i i
Ž .for all i 1, 2, . . . , n; hence ind T   0 for all i 1, 2, . . . , n. There-i
Ž . Ž Ž ..fore T   H for all i 1, 2, . . . , n; hence  f  T . Con-i  ea
Ž Ž .. Ž Ž .. Ž Ž ..versely, suppose that  f T  f  T for every fH  T . As-ea ea
Ž . Ž .sume to the contrary that T A H . Then there exist  ,   T1 2 
Ž . Ž . Ž .such that ind T   0 and ind T   0. Let mind T 1 2 1
Ž . Ž . Ž .n1Ž .m Ž . Žand n ind T  . Put f z  z  z  . Then f T  T2 1 2
.n1Ž .m Ž . Ž Ž .. Ž . Ž .  T   H and ind f T  n 1 ind T  m 1 2  1
Ž . Ž .Ž . Ž Ž ..ind T   n 1 m mnm 0. So 0  f T . But 2 ea 2
Ž . Ž . Ž Ž .. Ž Ž ..  T ; hence 0 f   f  T   f T . This is a contradic-ea 2 ea ea
Ž .tion. Hence T A H .
Ž . Ž . Ž . Ž Ž ..2  3 . If a-Browder’s theorem holds for f T , then  f T ea
Ž Ž .. f T . Soab
 f T   f T  f  T  f  T ,Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .ea ab ab ea
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž ..and hence f  T   f T . Conversely, if f  T   f T thenea ea ea ea
 f T  f  T  f  T   f T .Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .ab ab ea ea
Ž .Therefore a-Browder’s theorem holds for f T .
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Ž .An operator T B H is called approximate-isoloid if every isolated
Ž . Ž .point of  T is an eigenvalue of T and an operator T B H is calleda
Ž .isoloid if every isolated point of  T is an eigenvalue of T. Clearly, if T is
approximate-isoloid then it is isoloid. However, the converse is not true.
Consider the following example: let T T  T , where T is the unilat-1 2 1
Ž .eral shift on l and T is an injective quasinilpotent on l . Then  T 2 2 2
   4 Ž .    4  4z : z  1 and  T  z : z  1 	 0 . Therefore T is isoloida
but is not approximate-isoloid.
Ž .THEOREM 2.2. If T B H obeys a-Weyl’s theorem and it is approxi-
mate-isoloid, then the following statements are equialent:
Ž . Ž .1 T A H .
Ž . Ž Ž .. Ž Ž .. Ž Ž ..2  f T  f  T for eery fH  T .ea ea
Ž . Ž . Ž Ž ..3 a-Weyl’s theorem holds for f T for eery fH  T .
Ž . Ž .Proof. 1  2 . See the proof of Theorem 2.1.
Ž . Ž . Ž Ž .. Ž Ž ..2  3 . Suppose that  f T  f  T for every f ea ea
Ž Ž .. Ž . Ž .  H  T . Since T obeys a-Weyl’s theorem,  T   T 7, 9 . Soea ab
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž .. f T  f  T  f  T   f T . Therefore a-Browder’sea ea ab ab
Ž . a Ž Ž .. Ž Ž .theorem holds for f T . Now we claim that if   f T , then R f T00
. a Ž Ž .. Ž Ž .  is closed. Let   f T . Then  is an isolated point of f  T00 a
Ž Ž . . Ž Ž ..and 0 a f T    	. Since  is an isolated point of f  T , ifa
Ž . Ž . Ž .   T , then  is an isolated point of  T . Therefore by 2.1.1 ,i a i a
Ž .0  T   	 because T is approximate-isoloid. Since T obeys a-i
Ž . Ž .Weyl’s theorem,    T for all i 1, 2, . . . , n. Therefore f T  i ea
  Ž .has closed range. By 9, Theorem 3.8 , f T obeys a-Weyl’s theorem.
Ž .Conversely, suppose a-Weyl’s theorem holds for f T for every f
Ž Ž .. Ž Ž .. Ž Ž ..H  T . Then  f T   f T . But a-Weyl’s theorem holds for T ;ea ab
Ž Ž .. Ž Ž ..hence  f T  f  T .ea ea
3. MAIN RESULTS
For log-hyponormal operators, the Weyl spectrum obeys the spectral
mapping theorem.
THEOREM 3.1. If T or T* is log-hyponormal then
3.1.1  f T  f  T for eery fH  T .Ž . Ž . Ž . Ž .Ž . Ž . Ž .
Ž . ŽProof. If T or T* is log-hyponormal then ind T I  0 or ind T
Ž . Ž .   I  0 for each  
  T , respectively 4 . Thus we havee
ind T I  ind T 
I  0 for each , 
 
  T .Ž . Ž . Ž .e
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 Therefore by an argument of Harte and Lee 12 ,
 f T  f  T when f is a polynomial.Ž . Ž .Ž . Ž .
Ž . Ž Ž ..Thus the equality 3.1.1 for fH  T follows at once from an argu-
 ment of Oberai 14, Theorem 2 .
 It was shown in 4, Theorem 7 that Weyl’s theorem holds for log-hypo-
normal operators. We can prove more:
THEOREM 3.2. If T or T* is log-hyponormal then Weyl’s theorem holds
Ž . Ž Ž ..for f T for eery fH  T .
 Proof. Suppose T is log-hyponormal. Then by 4, Theorem 7 Weyl’s
 theorem holds for T. Remembering 13, Lemma that if T is isoloid then
f  T 
  T   f T 
  f T for every fH  T ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .00 00
it follows from Theorem 3.1
 f T 
  f T  f  T 
  T  f  T   f T ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .00 00
Ž .which implies that Weyl’s theorem holds for f T . Now suppose T* is
log-hyponormal. We first show that Weyl’s theorem holds for T. Suppose
Ž . Ž . Ž .  T . Then  is an isolated point of  T and 0  T   	.00
Ž . Ž Ž .. Ž .Since  T   T* ,  is an isolated point of  T* . But since T* is
Ž .log-hyponormal, it follows that   T* . Since T* obeys Weyl’s theo-00
Ž . Ž . Ž .rem,   T* 
  T* . Therefore T  is Weyl, and so   T 

Ž . Ž . Ž . Ž . Ž Ž .. T . Conversely, suppose   T 
  T . Observe  T*   T
Ž . Ž Ž .. Ž . Ž . Ž .and  T*   T . So   T* 
  T* , and hence   T* .00
Ž . Ž .Therefore  is an isolated point of  T , and hence   T . Thus00
Weyl’s theorem holds for T. Since if T* is log-hyponormal then T is
isoloid, it follows from Theorem 3.1 and the same argument as above that
Ž .Weyl’s theorem holds for f T .
If T* is p-hyponormal or log-hyponormal, then we can prove more:
Ž .THEOREM 3.3. If T* is p-hyponormal or log-hyponormal, then f T obeys
Ž Ž ..a-Weyl’s theorem for eery fH  T .
Proof. Suppose T* is p-hyponormal. Then T obeys a-Weyl’s theorem
 8 . Now we claim that T is approximate-isoloid. Let  be an isolated point
Ž . Ž .of  T and suppose   T . Then T  is one to one. Since T* isa 0
Ž . Ž . Ž .p-hyponormal,  T   T . So  is an isolated point of  T , anda
hence T  is Weyl. Hence T  is invertible. This is a contradiction.
Ž .Thus T is approximate-isoloid. Therefore by Theorem 2.2, f T obeys
a-Weyl’s theorem. Now suppose T* is log-hyponormal. We first show that
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a Ž .T obeys a-Weyl’s theorem. Suppose   T . Then  is an isolated00
Ž . Ž .point of  T and 0  T   	. So there exists a  0 such that ifa
 0 
    , then T 
 is bounded below. But since T* is log-hypo-
Ž .normal it follows that T 
 * is one to one. Thus T 
 is invertible,
Ž .and so  is an isolated point of  T . Therefore  is an isolated point of
Ž . Ž . T* , and hence   T* . Since T* obeys Weyl’s theorem, we have00
Ž . Ž .that   T* . Therefore T  is Weyl, and hence   T . Con-ea
Ž . Ž . Ž . Žversely, suppose   T 
  T . Then T  H with ind Ta ea 
. Ž . Ž . Ž  0 and  T   0. Since T* is log-hyponormal,  T    T
. Ž . Ž . Ž .  . Therefore ind T    T    T   0, and hence T
 is Weyl. But by Theorem 3.2, T obeys Weyl’s theorem and hence  is an
Ž . Ž .isolated point of  T . Therefore  is an isolated point of  T , anda
a Ž .hence   T . Thus T obeys a-Weyl’s theorem. Now we claim that T00
Ž .is approximate-isoloid. Let  be an isolated point of  T . Then therea
 exists a  0 such that if 0 
    , then T 
 is bounded below.
Since T* is log-hyponormal we have that T 
 is invertible. So  is an
Ž . Ž .isolated point of  T* , and hence   T . Therefore T is approxi-0
Ž Ž .. Ž Ž .. Ž Ž ..mate-isoloid. Let fH  T . We shall show that  f T  f  T .ea ea
Ž Ž .. Ž Ž .. Ž Ž ..Since  f T  f  T for every fH  T with no other restric-ea ea
  Ž Ž .. Ž Ž ..tion on T 16 , it suffices to show that f  T   f T . Suppose thatea ea
Ž Ž .. Ž . Ž .  f T . Then f T   H andea 
3.3.1 f T   c T  T   T  g T ,Ž . Ž . Ž . Ž . Ž . Ž .1 2 n
Ž .where c,  ,  , . . . ,   and g T is invertible. Since the operators on1 2 n
Ž . Ž .the right side of 3.3.1 commute, T   H . Since T* is log-hypo-i 
Ž . Ž Ž ..normal, we have that ind T   0. Therefore  f  T , and hencei ea
Ž Ž .. Ž Ž .. Ž . f T  f  T . It follows from Theorem 2.2 that f T obeysea ea
a-Weyl’s theorem.
Ž . ŽLEMMA 3.4. Suppose that T* B H is M-hyponormal. Then  T*
. Ž .   T  for all .
Ž .Proof. Let  and suppose xN T*  . Then T*x *x. Since
T* is M-hyponormal, there exists a positive real number M such that
Ž .  Ž . M T* z y  T* z *y for all z and for all yH. Therefore
Ž . Ž . Ž .Tx  x, and so xN T  . Therefore  T*    T  .
Our next theorem is an improvement of the result of Arora and Kumar
 1 that Weyl’s theorem holds for M-hyponormal operators:
Ž .THEOREM 3.5. If T or T* is M-hyponormal, then f T obeys Weyl’s
Ž Ž ..theorem for eery fH  T .
 Proof. If T is M-hyponormal, then by 1, Theorem 4 T obeys Weyl’s
Ž Ž .. Ž Ž ..theorem. But since T is M-hyponormal,  f T  f  T for every
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Ž Ž ..   Ž .fH  T . It follows from 14, Theorem 1 that f T obeys Weyl’s
theorem. Now suppose T* is M-hyponormal. Since M-hyponormality is
Ž . Ž .translation-invariant, it suffices to show that 0  T  0  T 
00
Ž . Ž . Ž . T . Suppose 0  T . Then 0 is an isolated point of  T and00
Ž . Ž . ŽŽ Ž .. Ž .0  T  	. Since  T   T* , 0 is an isolated point of  T* .
Ž .But since T* is M-hyponormal, it follows from Lemma 3.4 that  T*  	.
Ž .Since T* is isoloid, 0  T* . But since Weyl’s theorem holds for T*,00
Ž . Ž . Ž .hence 0  T* 
  T* . Therefore T is Weyl, and hence 0  T 

Ž . Ž . Ž . Ž . T . Conversely, suppose 0  T 
  T . Observe that  T* 
Ž Ž .. Ž . Ž Ž .. Ž . Ž . T and  T*   T . So 0  T* 
  T* , and hence 0
Ž . Ž . Ž . T* . Therefore 0 is an isolated point of  T , and hence 0  T .00 00
Thus Weyl’s theorem holds for T. Since if T* is M-hyponormal then T is
Ž .isoloid, by the same argument as above, Weyl’s theorem holds for f T .
If T* is M-hyponormal, then we can prove more:
Ž .THEOREM 3.6. If T* is M-hyponormal, then f T obeys a-Weyl’s theorem
Ž Ž ..for eery fH  T .
Proof. We first show that T obeys a-Weyl’s theorem. Since M-hypo-
a Ž .normality is translation-invariant, it suffices to show that 0  T  000
Ž . Ž . a Ž .  T 
  T . Suppose 0  T . Then 0 is an isolated point ofa ea 00
Ž . Ž . Ž . T and 0  T  	. Since 0 is an isolated point of  T , there existsa a
 a  0 such that if 0 
   , then T 
 is bounded below. But T* is
Ž .M-hyponormal; hence by Lemma 3.4, T 
 * is one to one. So T 
 is
Ž .invertible, and so 0 is an isolated point of  T . Therefore 0 is an isolated
Ž . Ž .point of  T* , and hence by Lemma 3.4, 0  T* . Since T* obeys00
Ž . Ž .Weyl’s theorem, 0  T* . Therefore T is Weyl, and hence 0  T .ea
Ž . Ž . Ž . Ž .Conversely, suppose 0  T 
  T . Then T H with ind T  0a ea 
Ž . Ž . Ž .and  T  0. Since T* is M-hyponormal, by Lemma 3.4,  T*   T .
Ž . Ž . Ž .Therefore ind T   T   T*  0, and hence T is Weyl. But by
Theorem 3.5, T obeys Weyl’s theorem; hence 0 is an isolated point of
Ž . Ž . a Ž . T . Therefore 0 is an isolated point of  T , and hence 0  T .a 00
Now we claim that T is approximate-isoloid. Let 0 be an isolated point
Ž .  of  T . Then there exists a  0 such that if 0 
   , then T 
 isa
bounded below. But T* is M-hyponormal; hence by Lemma 3.4, T 
 is
Ž .invertible. So 0 is an isolated point of  T* . But since T* is M-hyponor-
Ž . Ž .mal, T* is isoloid. So  T*  0, and so by Lemma 3.4, 0  T .0
Ž Ž ..Therefore T is approximate-isoloid. Let fH  T . We shall show that
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž .. f T  f  T . Since  f T  f  T for every fH  Tea ea ea ea
  Ž Ž ..with no other restriction on T 16 , it suffices to show that f  T ea
Ž Ž .. Ž Ž .. Ž . Ž . f T . Suppose that   f T . Then f T   H andea ea 
3.6.1 f T   c T  T   T  g T ,Ž . Ž . Ž . Ž . Ž . Ž .1 2 n
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Ž .where c,  ,  , . . . ,   and g T is invertible. Since the operators on1 2 n
Ž . Ž .the right side of 3.6.1 commute, T   H . Since T* is M-hypo-i 
Ž .normal, we have that by Lemma 3.4, ind T   0. Therefore i
Ž Ž .. Ž Ž .. Ž Ž .. Ž .f  T , and hence  f T  f  T . Hence by Theorem 2.2, f Tea ea ea
Ž Ž ..obeys a-Weyl’s theorem for every fH  T .
4. BERBERIAN SPECTRA
Ž .Suppose that T B H is reduced by each of its eigenspaces. If  is
Ž . Ž Ž ..the closed linear span of the eigenspaces N T I   T , then 0
   reduces to T. Let T  T  and T  T  . Then we have 3, Proposi-1 2
tion 4.1
Ž .i T is a normal operator with pure point spectrum;1
Ž . Ž . Ž .ii  T   T ;0 1 0
Ž . Ž . Ž .iii  T  cl  T ;1 0 1
Ž . Ž .iv  T .0 2
 In this case, Berberian 3, Definition 5.2 defined
 T   T 	 acc  T 	  T .Ž . Ž . Ž . Ž .2 0 0 i
Ž .We shall call  T the Berberian spectrum of T. Berberian has shown that
Ž . Ž . T is a nonempty compact subset of  T . The following theorem shows
the relation of essential approximate point spectra, Browder essential
approximate point spectra, and Berberian spectra:
Ž .THEOREM 4.1. If T B H is reduced by each of its eigenspaces, then
4.1.1  T   T   T .Ž . Ž . Ž . Ž .ab ea
Ž .Proof. Let  be the closed linear span of the eigenspaces N T I
Ž Ž ..  T and write0
  T  T  and T  T  .1 2
Ž .From the preceding arguments it follows that T is normal,  T 1 0 1
Ž . Ž . Ž . T , and  T . For 4.1.1 it will be shown that0 0 f 2
4.1.2  T   T ;Ž . Ž . Ž .ea
and
4.1.3  T   T .Ž . Ž . Ž .ab ea
A NOTE ON a-WEYL’S THEOREM 209
Ž . Ž . Ž .For the first inclusion of 4.1.2 suppose   T 
  T . Then T   is2
Ž . Ž . Ž .invertible and  is an isolated point of  T . Since also  T   T ,0 1 0 i 1
Ž . Ž . a Ž .we have   T . But T is normal; hence  T   T . So00 1 1 00 1 00 1
a Ž . Ž . Ž .  T . Since a-Weyl’s theorem holds for T ,   T   T .00 1 1 ea 1 ab 1
Ž . Ž . Ž .Therefore   T . This proves that 4.1.2 . For the inclusion 4.1.3ea
Ž . Ž .suppose   T 
  T . Observe that if H is a Hilbert space and ifea 1
Ž . Ž . Ž .an operator R B H satisfies the equality  R   R , then1 l e
 R S   R 	  SŽ . Ž . Ž .ea ea ea
for each Hilbert space H and S B H .Ž .2 2
Ž . Ž . Ž .Indeed if   R 	  S , then R  H and S ea ea  1
Ž . Ž . Ž . Ž . Ž . H with ind R   0 and ind S   0. So R   S  1
Ž . ŽŽ . Ž .. Ž H  H and ind R   S   0. Therefore   R 1 2 ea
. Ž . Ž . S . Conversely, suppose   R S . Then R  H andea  1
Ž . Ž . Ž . Ž .S  H . But  R   R ; hence ind R   0. Therefore 2 l e
Ž . Ž . Ž .ind S   0, and hence   R 	  S . Since T is normal, apply-ea ea 1
Ž . Ž . Ž .ing the equality 4.1.4 to T in place of R gives that   T 	  T .1 ea 1 ea 2
Ž .But T is normal; hence   T . Since T is reduced by each of its1 ab 1
  Ž . Ž .eigenspaces, by 16, Theorem 2.1 ,   T . Therefore   T .ab 2 ab
Ž .This proves 4.1.3 and completes the proof.
As applications of Theorem 4.1 we will give several corollaries below.
Ž .COROLLARY 4.2. If T B H is reduced by each of its eigenspaces, then
a-Browder ’s theorem holds for T.
Proof. If T is reduced by each of its eigenspaces, then by Theorem 4.1,
Ž . Ž . T   T . Therefore a-Browder’s theorem holds for T.ea ab
COROLLARY 4.3. If T or T* is p-hyponormal, then a-Browder ’s theorem
Ž . Ž Ž ..holds for f T for eery fH  T .
Proof. Suppose T is p-hyponormal. Then T is reduced by each of
eigenspaces. So by Corollary 4.2, T obeys a-Browder’s theorem. But T is
Ž . Ž .reduced by each of eigenspaces; hence ind T   0 for all  T .
Ž .Therefore T A H , and it follows from Theorem 2.1 that a-Browder’s
Ž .theorem holds for f T . If T* is p-hyponormal, then by Theorem 3.2,
Ž .a-Weyl’s theorem holds for f T . Therefore a-Browder’s theorem holds for
Ž .f T .
COROLLARY 4.4. If T or T* is M-hyponormal, then a-Browder ’s theorem
Ž . Ž Ž ..holds for f T for eery fH  T .
Proof. Suppose T is M-hyponormal. Then T is reduced by each of
eigenspaces. So by Corollary 4.2, T obeys a-Browder’s theorem. But since
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Ž . Ž .T is reduced by each of eigenspaces, ind T   0 for all  T .
Ž .So T A H , and hence by Theorem 2.1, a-Browder’s theorem holds for
Ž .f T . If T* is M-hyponormal, then by Theorem 3.6, a-Weyl’s theorem
Ž . Ž .holds for f T . Therefore a-Browder’s theorem holds for f T .
Ž .COROLLARY 4.5. If T B H is reduced by each of its eigenspaces, then
Ž . Ž . a Ž . T 
  T   T .a ea 00
Proof. This immediately follows from Theorem 4.1.
Ž .COROLLARY 4.6. If T B H is reduced by each of its eigenspaces and is
Ž .reduction approximate-isoloid, then f T obeys a-Weyl’s theorem for eery
Ž Ž ..fH  T .
Proof. We first show that a-Weyl’s theorem holds for T. By Corollary
a Ž . Ž . Ž . a Ž .4.5, it suffices to show that  T   T 
  T . Let   T .00 a ea 00
Since T is reduced by its eigenspaces, T can be represented as the
Žfollowing 2 2 operator matrix with respect to the decomposition N T
. Ž . N T  :
0 0T  .ž /0 S
Ž . Ž .We shall show that 0  S . Assume to the contrary that 0  S .a a
Ž .Then 0 is an isolated point of  S . But T is reduction approximate-a
Ž . Ž .isoloid; hence 0  S . This is a contradiction. Therefore 0  S , and0 a
Ž . Ž .hence T  has closed range. Hence   T 
  T , and so T obeysa ea
Ž .a-Weyl’s theorem. Therefore by Theorem 2.2, f T obeys a-Weyl’s theo-
rem.
Ž . Ž . Ž .COROLLARY 4.7. If T B H is M-hyponormal such that  T   T ,a
then T obeys a-Weyl’s theorem.
a Ž . Ž .Proof. By Corollary 4.5, it suffices to show that  T   T 
00 a
Ž . T . Since M-hyponormality is translation-invariant, it suffices to showea
a Ž . Ž . Ž . a Ž .that 0  T  0  T 
  T . Suppose 0  T . Then 000 a ea 00
Ž . Ž . Ž . T because  T   T . But since T obeys Weyl’s theorem, hence00 a
Ž . Ž .T is Weyl. So 0  T 
  T .a ea
Ž .If G is a sequence of compact subsets of , then by the definition, itsn
 4limit inferior is lim inf G   : there are  G with    andn n n n
its limit superior is lim sup G   : there are  G with  n n n nk k k
4 . If lim inf G  lim sup G , then lim G is defined by this common limit.n n n
Ž .A mapping F, defined on B H , whose values are compact subsets of , is
Ž . Žsaid to be upper lower semi-continuous at T , provided that if T  T inn
. Ž . Ž . Ž Ž . Ž ..norm topology then lim sup F T  F T F T  lim inf F T . If F isn n
both upper and lower semi-continuous at T , then it is said to be continu-
Ž . Ž .ous at T and in this case lim F T  F T .n
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Recently, Cho et al. showed that the spectrum is a continuous function
 in the set of all log-hyponormal operators 5 . From the fact, we can show
that the essential approximate point spectrum, the Browder essential
approximate point spectrum, and the approximate point spectrum are
 Ž . 4continuous in the set A T B H : T* is log-hyponormal .
THEOREM 4.8. If T , T* are log-hyponormal and T  T , thenn n
Ž . Ž .lim  T   T .ea n ea
Proof. Since  is upper semi-continuous, we have to show thatea
Ž . Ž . Ž . T  lim inf  T . Suppose  lim inf  T . Then there exists aea ea n ea n
Ž Ž .. Ž Ž .. Ž Ž ..subsequence  T of  T such that d ,  T   for all kea n ea n ea nk k
and for some  0. Without loss of generality we assume that
Ž Ž .. Ž .d ,  T   for all n and for some  0. Then T   H forea n n 
Ž . Ž . Ž all n, that is, T   H and ind T    0 for all n. If xN Tn  n n
  . Ž . Ž  then T x   x. Since T is log-hyponormal, T x  x. So N Tn n n n
. Ž . Ž .  N T  , and hence ind T    0. Therefore T   is Weyln n
for all n. Since T , T* are log-hyponormal and T T*, it follows fromn n
  Ž  . Ž .5, Theorem 2.2 that  T   T* . But since T* is log-hyponormal,n
  Ž  .hence Browder’s theorem holds for T*. So by 9, Theorem 2.2 ,  T n
Ž . Ž . Ž . T* . Hence  T  lim inf  T . But T   is Weyl for all n; hencen n
Ž . Ž . lim inf  T . Therefore   T .n ea
THEOREM 4.9. If T , T* are log-hyponormal and T  T , thenn n
Ž . Ž .lim  T   T .ab n ab
Ž . Ž . Ž .Proof. Suppose that   T 
  T . Then T  H anda ea 
Ž . Ž .0  T   	. By the proof of Theorem 4.8, we get again  T* 
Ž . Ž .  T   	. Since T  H , we have T  is Weyl. So
Ž .  T* . But Weyl’s theorem holds for log-hyponormal; hence 
Ž . Ž . T* and  is an isolated point of  T . Now  is an isolated point of00
Ž . Ž . Ž . Ž . T . Therefore we get   T . Hence  T   T . Now we havea ab ea ab
that
 T   T  lim inf  T  lim inf  T .Ž . Ž . Ž . Ž .ab ea ea n ab n
Ž . Ž .Since  is upper semi-continuous, lim  T   T .ab ab n ab
THEOREM 4.10. If T , T* are log-hyponormal and T  T , thenn n
Ž . Ž .lim  T   T .a n a
Proof. Since  is upper semi-continuous, it is sufficient to show thata
Ž . Ž . Ž . T  lim inf  T . Let   T . Now we consider two cases:a a n a
Ž .Case I. If   T , by Theorem 4.8 we haveea
  T  lim inf  T  lim inf  T .Ž . Ž . Ž .ea ea n a n
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Ž . Ž . Ž .Case II. If   T 
  T then  is an isolated point of  T . Soa ea
Ž . Ž . Ž .we have  lim inf  T . So there exists a sequence  in  T suchn n n
Ž . Ž . Ž . that   . If    T 
  T then  T    0. Since T aren n n a n n n n
Ž . Ž . Žlog-hyponormal and  T   *  T    	, we have that  T n n n n n
. Ž . Ž . Ž .   T   *  T   *  T    0. Therefore  n n n n n n n n
Ž . Ž . Ž . T . This is contrary to the assumption that    T 
  T . There-n n n a n
Ž . Ž .fore we have    T , and so  lim inf  T .n a n a n
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